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RIGID LOCAL SYSTEMS AND WEIGHTED
HOMOGENEOUS CURVES
ORLANDO NETO AND PEDRO C. SILVA
Abstract. We introduce a notion of rigid local system on the comple-
ment of a plane curve Y , which relies on a canonical Waldhausen de-
composition of the Milnor sphere associated to Y . We show that when
Y is weigthed homogeneous this notion is deeply related to the classical
notion of rigidity on the Riemann sphere. We construct large families of
rigid local systems on the complement of weighted homogeneous plane
curves and show that the corresponding D-modules are generated by
‘special’ multivalued holomorphic functions.
1. Introduction
Let us consider the class of Fuchsian differential equations,
(1)
n∑
i=0
ai
diu
dxi
= 0,
with singular points at p1, . . . , pr and ∞. Set p0 = ∞. Let Mi ∈ GLn(C)
be the monodromy of the sheaf of solutions S of (1) along a loop γi around
pi, 0 ≤ i ≤ r. We call the conjugacy class of Mi the local monodromy of S
around pi. We will assume that we have chosen the loops γi in such a way
that
(2) M0M1 · · ·Mr = In.
Since the singular points of (1) are regular, the degrees of the polynomials ai
are bounded and (1) only depends on a finite number p of complex numbers.
Assume that we have normalized (1) replacing u by
∏r
i=1(x− pi)λiu, where
the λi, i = 1, . . . , r, are conveniently chosen complex numbers, in order to
maximize the number of eigenvalues of the matrices Mi, 1 ≤ i ≤ r, that
are equal to 1. If q denotes the number of ‘free’ eigenvalues of the matrices
Mi, 0 ≤ i ≤ r, then p ≥ q. If p = q we say that (1) is free from accessory
parameters [16, Section 3.4.2].
The fact that Riemann’s hypergeometric differential equation is free from
accessory parameters was the key point that allowed Riemann to compute
its monodromy. Riemann’s strategy can be described in the following way:
(i) to classify a certain class of irreducible linear representations of a funda-
mental group [11, Section 2.4]; (ii) to classify a class of differential equations
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with prescribed order and prescribed singularities [1]; (iii) to establish a bi-
jection between these two classes of objects using “local data”: the roots of
the indicial equations of the differential equation at the singular points and
the conjugacy classes of certain matrices associated to the representations,
that describe the local monodromies of the differential equation.
Levelt [20] established a vast generalization of Riemann’s work following
the same strategy.
The theory of rigid local systems is a very ambitious reformulation, in
the framework of sheaf cohomology, of the notion of Fuchsian differential
equation free from accessory parameters (see [15, 28]).
Let L be a local system on P1 \ {p0, . . . , pr}. Let Di be small closed disks
centered at pi, 0 ≤ i ≤ r. The local system L is rigid if L is determined by its
restriction to the boundaries ∂Di, 0 ≤ i ≤ r. In other words, assuming that
L is given by matricesMi, 0 ≤ i ≤ r, verifying (2), L is rigid if and only if the
conjugacy classes of the matrices Mi determine the simultaneous conjugacy
class of the (r + 1)-uple (M0, . . . ,Mr). A Fuchsian differential equation is
free from accessory parameters if and only if its sheaf of solutions is rigid
(cf. [15]). This type of equations have been intensively studied by several
authors, notably by Haraoka and Yokoyama (see, for instance, [8, 9, 10, 30]).
Sato, Kashiwara, Kimura and Oshima [25, Theorem 8.6 and Remark 8.7]
introduced a very interesting higher dimensional generalization of the no-
tion of accessory parameters. Let Y = Yn,k,ℓ and Y
∗ = Y ∗n,k,ℓ be weighted
homogeneous plane curves defined, respectively, by the equations
(3)
ℓ∏
i=1
(yk − Cixn) = 0
and
(4) y
ℓ∏
i=1
(yk − Cixn) = 0,
where Ci, i = 1, . . . , ℓ, are pairwise distinct nonzero complex numbers and
n, k, ℓ are positive integers such that n > k with n and k coprime integers.
Theorem 1.1. Set X = C2 and ϑ = kx∂x + ny∂y. Let M be the germ
at the origin of a simple holonomic DX-module with characteristic variety
T ∗YX ∪ T ∗XX. There are complex numbers λ, λr,s, r, s ≥ 0, ns − k(ℓ + 1) ≤
r ≤ (n−k)s−1, and Ĉi, 1 ≤ i ≤ ℓ, such that M is isomorphic to the system
(5) (ϑ− λ)u = Pu = 0,
where P =
∏ℓ
i=1(∂
k
x + Ĉix
n−k∂ky ) +
∑
r,s λr,sx
r∂
r−ns+k(ℓ+1)
x ∂ksy .
The complex numbers Ĉi are determined by the complex numbers Ci,
1 ≤ i ≤ ℓ. Let p be the number of parameters λ, λr,s that occur in the
system (5). Let Mi be the local monodromy of the sheaf of solutions of M
around the regular part of {yk − Cixn = 0}, i = 1, . . . , ℓ. Then Mi is a
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pseudo-reflection: it has one and only one eigenvalue distinct from 1, with
multiplicity 1. Hence the number of ‘free’ eigenvalues of the matrices Mi
equals ℓ. These eigenvalues are determined by the orders of M at the regular
part of irreducible components of its characteristic variety. The authors of
[25] showed that p ≥ ℓ for each system of type (5). Moreover, they showed
that p = ℓ, i.e., that M is free from accessory parameters, if and only if
ℓ ≤ 2 when min{k, n − k} = 1 and ℓ = 1, otherwise. Systems without
accessory parameters are supposed to be interesting objects. It is somehow
disappointing that there are so few systems with this property. We can also
find in [25] a similar discussion when we replace Y by Y ∗.
In [22] the authors extended the classification Theorem 1.1 to the multi-
plicity one case when Y is an irreducible cusp. They proved that already
in this case the D-modules are no longer determined by their orders at the
regular part of the characteristic variety. Some (finite) additional data at
the singular point has also to be considered. Nevertheless, this additional
data can be recovered by taking the restriction of the D-module to certain
non-characteristic divisors passing through the singular point of its ramifi-
cation locus. We propose here a refinement of the notion of local data to
encompass these local monodromies.
There is a close relationship between the systems of PDEs of the previous
two paragraphs and Fuchsian differential equations on the Riemann sphere.
Set v(x, y) = y−λ/nu(x, y). Since ϑv = 0, v is constant along the integral
curves of ϑ. Hence there is a multivalued holomorphic function ϕ on the
Riemann sphere, ramified along 0,∞, Ci, 1 ≤ i ≤ ℓ, such that u(x, y) =
yλ/nϕ(yk/xn). Moreover, there is a Fuchsian differential operator H such
that
(6) y−λ/nPyλ/nϕ(yk/xn) = (Hϕ)(yk/xn).
When ℓ = 1, the system is free from acessory parameters and H is a general-
ized hypergeometric differential operator in the terminology of [20] (see also
[22, Theorem 5.3]). If in addition k = 2, H is the Riemann’s hypergeometric
differential operator.
There is a dictionary between the category of systems of linear differential
equations on P1 with singular regular points at p0, . . . , pr and the category
of local systems on P1 \{p0, . . . , pr}. There is a similar dictionary between a
certain category of regular holonomic systems with solutions ramified along
a singular hypersurface Y and a certain category of local systems on the
complement of Y , that we call Pochhammer local systems (see Section 4).
If L is a generic line transversal to Y , the monodromy of the restriction of
a Pochhammer local system to L \ Y define a Pochhammer tuple (cf. [4]).
The main purposes of this paper are: to introduce the notion of rigid
local system on the complement of a plane curve Y ; to show that when
Y is weighted homogeneous our notion of rigidity is deeply related to the
classical notion of rigidity on the Riemann sphere; to show that if we replace
simple holonomic system by holonomic system of multiplicity one in the
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problem considered in [25], we can prove the existence of rigid holonomic
systems with solutions ramified along an weighted homogeneous curve and
prescribed local data; to establish the foundations of a local theory of special
functions on several complex variables (see Theorem 8.9, Definition 10 and
Theorem 8.8).
This paper is essentially the study of a certain class of irreducible lin-
ear representations of certain discrete groups, the fundamental groups of
weighted homogeneous plane curves, written in the language of local sys-
tems. In Section 2 we recall some definitions on the topology of plane
curves that are necessary to introduce the definition of rigid local system.
In Section 3 we introduce the notion of rigid local system on the comple-
ment of a plane curve using a canonical Waldhausen decomposition of the
Milnor sphere associated to the curve. When the curve is weighted homoge-
neous we show that this notion is closely related to the classical definition of
rigidity on the Riemann sphere. Roughly speaking, it replaces the bound-
aries of small disks at the singular points in the Riemann sphere by the
boundaries of tubular neighbourhoods of the irreducible components of the
link of the curve in the Milnor sphere. In Section 4 we discuss the relation
between Pochhammer local systems and Pochhammer tuples. In sections 5,
6 and 7 we construct rigid Pochhammer local systems on the complement
of weighted homogeneous curves, solving convenient Deligne-Simpson’s type
problems. In Section 8 we relate the notion of Pochhammer local system
with the theory of D-modules through the Riemann-Hilbert correspondence.
We prove in particular that the existence of a Pochhammer system on the
complement of a weighted homogeneous plane curve Y implies the existence
of a special multivalued holomorphic function that ramifies along Y .
This is the first of a series of papers on rigid local systems on the comple-
ment of hypersurfaces. Our next purpose is to extend step (i) of Riemann’s
program referred before to the case of an arbitrary plane curve. We can
find in [26, 27] a construction of Pochhammer local systems on the com-
plement of an irreducible plane curve following the same ideas. Most of
these local systems are rigid. Steps (ii) and (iii) will be further developped
in another forthcoming paper, at least for the weighted homogeneous case.
These steps were already partially accomplished in the irreducible weighted
homogeneous case (cf. [22]).
2. Geometric settings
2.1. Weighted homogeneous curves and turbines. Let n, k be coprime
positive integers such that n > k. Let ℓ be a positive integer. Following the
terminology of the previous section we set,
Y0 = {y = 0}, Yi = {(x, y) : yk − Cixn = 0}, 1 ≤ i ≤ ℓ,
RIGID LOCAL SYSTEMS AND WEIGHTED HOMOGENEOUS CURVES 5
with the Ci’s pairwise distinct nonzero complex numbers. Choose ρ > 0
small enough such that the ‘fat curves’,
(7)
Y˜0 = {(x, y) : |y| ≤ ρ|x|}, Y˜i = {(tk, λtn) : |λk−Ci| ≤ ρ, t ∈ C}, 1 ≤ i ≤ ℓ,
do not intersect each other outside a fixed small neighborhood of the origin.
For ε, δ > 0 and 0 ≤ i ≤ ℓ set,
Ki := Yi ∩ ∂(Dε ×Dδ), Ni := Y˜i ∩ ∂(Dε ×Dδ).
The topological 3-dimensional sphere ∂(Dε × Dδ) is the union of the solid
tori N∞ := ∂Dε × Dδ and N∞ := Dε × ∂Dδ, pieced together along their
common boundary ∂Dε × ∂Dδ . The knots Ki, 1 ≤ i ≤ ℓ, are torus knots
of type (n, k) and the knot K0 is the trivial knot. For convenient choices of
δ ≫ ε > 0, the tubular neighbourhoods Ni of Ki, 0 ≤ i ≤ ℓ, are pairwise
disjoint and contained in the interior of N∞. Set
Tn,k,ℓ = N∞ \ ∪ℓi=1int(Ni), T ∗n,k,ℓ = N∞ \ ∪ℓi=0int(Ni).
We call a topological space homeomorphic to Tn,k,ℓ [T
∗
n,k,ℓ] a turbine without
[with] shaft and parameters n, k, ℓ. The turbines Tn,k,ℓ, T
∗
n,k,ℓ are, respec-
tively, retracts by deformation of the complement of the plane curves,
(8) x
ℓ∏
i=1
(yk − Cixn) = 0,
(9) xy
ℓ∏
i=1
(yk − Cixn) = 0.
Given an weighted homogeneous plane curve Y we shall denote by TY the
turbine associated to Y by the construction above.
For each i = 0, . . . , ℓ,∞, let αi, βi be the homotopy classes of positively
oriented simple closed curves on ∂Ni such that αi ∼ 0 and βi ∼ Ki inH1(Ni),
ℓ(Ki, αi) = 1 and ℓ(Ki, βi) = 0, where ℓ(·, ·) denotes the linking number
inside the oriented homology 3-sphere ∂(Dε×Dδ). For each i = 0, . . . , ℓ,∞,
the pair αi, βi generates π1(∂Ni) and is unique up to isotopy. We call αi
[βi], the standard meridian [parallel] of the torus ∂Ni.
For i = 0,∞, set δi = αni βki and ωi = αsiβri , where r, s are integers such
that rn = ks+1. Then αi = δ
r
i ω
−k
i and βi = δ
−s
i ω
n
i , i = 0,∞. By the results
of [23, Lemma 2.3], we have δ0 = δ∞ = α
nk
i βi, i = 1, . . . , ℓ, in π1(T
∗
n,k,ℓ),
which we denoted by δ. Thus, ωi, δ generate π1(∂Ni) i = 0,∞ and αi, δ
generate π1(∂Ni) i = 1, . . . , ℓ. Moreover, next result holds.
Theorem 2.1. The following hold.
(a) π1(T
∗
n,k,ℓ) = 〈α1, . . . , αℓ, ω0, ω∞ : α1 · · ·αℓω∞ = ω0〉 × 〈δ〉.
(b) π1(Tn,k,ℓ) is isomorphic to the quotient group of π1(T
∗
n,k,ℓ) by the
relation ωk0 = δ
r.
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(c) The fundamental group of the complement of the curve Y ∗n,k,ℓ [Yn,k,ℓ]
is isomorphic to the quotient group of π1(T
∗
n,k,ℓ) [π1(Tn,k,ℓ)] by the
relation ωn∞ = δ
s.
Proof. (a) follows from [23, Lemma 2.3]. The remaining assertions follow
from (a) and obvious geometric considerations. 
Remark 1. The presentations given in Theorem 2.1 are independent of the
choice of the pair of integers r, s verifying rn = sk+1. Actually, if r′, s′ ∈ Z
is another pair verifying r′n = s′k + 1, there is t ∈ Z such that r′ = r + tk
and s′ = s+ tn, and it is enough to replace ωi, i = 0,∞, by ω′i = ωiδt.
From Theorem 2.1 we derive easily the following well-known presentation
of the local fundamental group of a cusp.
Corollary 2.2. The fundamental group of the complement of the cusp yk =
xn, is given by
π1(Yn,k,1) = 〈α∞, β0 : αn∞ = βk0 〉.
We conclude with another corollary of Theorem 2.1 that will be very
useful in Section 6.
Corollary 2.3. We have the relation in π1(T
∗
n,k,ℓ),
α∞ = g0(g0,1 · · · g0,ℓ) (g1,1 · · · g1,ℓ) · · · (gk−1,1 · · · gk−1,ℓ),
where g0 = α0, gj,i = ω
k−1−j
0 αiω
1−k+j
0 , j = 0, . . . , k − 1 and i = 1, . . . , ℓ.
Moreover by letting g0 = 1 in relation above, we obtain the analogous ex-
pression for α∞ in π1(Tn,k,ℓ).
Proof. By Theorem 2.1 along with relations αi = δ
rω−ki , i = 0,∞ we get,
α∞ = δ
rω−k∞
= δr(ω−10 α1 · · ·αℓ)k
= α0ω
k
0(ω
−1
0 α1 · · ·αℓ)k
= α0ω
k−1
0 (α1 · · ·αℓ)(ω1−k0 ωk−20 )(α1 · · ·αℓ)(ω2−k0 ωk−30 ) · · ·ω−10 (α1 · · ·αℓ)
= α0(ω
k−1
0 α1 · · ·αℓω1−k0 )(ωk−2α1 · · ·αℓω2−k) · · · (α1 · · ·αℓ). 
2.2. Waldhausen decomposition of the Milnor sphere associated
to a plane curve. Let V be a 3-dimensional manifold. We say that V
is a Seifert manifold if V is decomposed into circles, the fibers, such that
each fiber has a tubular neighborhood difeomorphic (preserving fibers) to a
standard fibered torus.
Let M3 be an oriented connected compact 3-dimensional manifold. A
Waldhausen decomposition of M3 is a finite partition M3 =
⊔
k Tk
⊔
j Vj
where (Tk) is family of 2-tori and (Vj) a family of Seifert manifolds. We
say that the Waldhausen decomposition is minimal if the number of 2-tori
(Tk) is minimum. We say that the Waldhausen decomposition is adapted to
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a given 1-dimensional submanifold of M3 if each irreducible component of
this manifold is a fiber of one of the Seifert manifolds Vj (see [17]).
Let (Y, 0) be a germ of a plane curve defined by a reduced analytic
function f(x, y) ∈ C{x, y}. Assume moreover that the tangent cone of
Y is transversal to {x = 0}. For 0 < ε ≪ 1, the 3-dimensional sphere
S3ε = {(x, y) : |x|2 + |y|2 = ε2} intersects Y transversally into an (alge-
braic) link L. By Milnor’s cone Theorem, the topology of the complement
of Y is determined by the topology of the 3-dimensional compact connected
manifold S3ε \ int(N(L)), where N(L) is a sufficiently thin closed tubular
neighbourhood of L.
We decompose the Milnor sphere S3ε into the union of two solid tori N∞
and N∞ pieced together along their common boundary ∂N∞ = ∂N
∞ such
that N(L) ⊂ int(N∞). Let K∞ be the core of N∞.
Theorem 2.4. [17, Theorem 4.5.1] There is a minimal Waldhausen decom-
position of S3ε adapted to the components of the link L∪K∞. Moreover, this
decomposition is unique (up to isotopy).
Remark 2. We can find in [23] a simple construction of a minimal Wald-
hausen decomposition of S3ε determined by a family of tori (Tk) that in-
cludes the torus ∂N∞, such that the closure of each connected component of
N∞ \
⋃
k Tk is a turbine. Furthermore, this decomposition is described by a
tree similar to the Eggers tree of Y .
3. Rigid local systems
3.1. Review on rigid local systems on the Riemann sphere. Set
U = P1\S where S = {0, C1, . . . , Cℓ,∞} is a subset of P1 with ℓ+2 elements,
and let j : U →֒ P1 be the inclusion map. Set C0 = 0 and C∞ = ∞. Let
D˜i ⊂ P1, i = 0, 1, . . . , ℓ,∞, be disjoint closed disks of nonzero radii centered
at Ci, i = 0, 1, . . . , ℓ,∞, respectively.
Let F be local system on U . We call local data of F to the collection
of local systems F|∂D˜i , i = 0, 1, . . . , ℓ,∞. We say that F is rigid if F is
determined by its local data (up to isomorphism). We say that F is semi-
rigid if there are only a finite number of isomorphism classes of local systems
on U with local data isomorphic to the local data of F .
The index of rigidity of F in U is defined as rig(F , U) = χ(P1, j∗End(F)).
Using the Euler-Poincare´ formula we derive the formula,
rig(F , U) =
∑
i∈{0,1,...,ℓ,∞}
dimΓ(∂D˜i,End(F)) − ℓ (rank F)2.
Theorem 3.1. [15, Theorem 1.1.2] An irreducible local system F on U is
rigid if and only if is semi-rigid if and only if rig(F , U) = 2.
3.2. Rigid local systems on the complement of a plane curve.
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Definition 1. Let L be a local system defined on the complement of the
germ (at the origin) of a plane curve Y with tangent cone transversal to
{x = 0}. Let S3ε =
⊔
k Tk
⊔
j Vj be a minimal Waldhausen decomposition of
a Milnor sphere S3ε in the conditions of Theorem 2.4. We call local data of
L to the collection of local systems (L|Tk). We say that L is W-rigid if the
isomorphism class of L is determined by the local data of L. We say that L
is W-semi-rigid if there are only a finite number of isomorphism classes of
local systems on the complement of Y with local data isomorphic to the local
data of L.
By Theorem 2.4 the minimal Waldhausen decomposition is unique modulo
an isotopy. Hence the definition of local data does not depend on the choice
of this decomposition.
We shall refer to a W-rigid [W-semi-rigid] local system simply as rigid
[semi-rigid].
Definition 2. Let L be a local system on a turbine T . We call local data
of L to L|∂T . We say that L is rigid if the isomorphism class of L is
determined by the local data L. We say that L is semi-rigid if there are only
a finite number of isomorphism classes of local systems on T with local data
isomorphic to the local data of L.
The connected components of the boundary of a turbine T are tori, say
T1, . . . ,Tt, and henceforth the local data of L is the collection of simultaneous
conjugacy classes of the pairs (̺(ai), ̺(bi)), i = 1, . . . , t, with ai, bi generators
of H1(Ti) and ̺ : π1(T )→ GL(m) the monodromy representation of L.
In view of Remark 2 we have immediately the following result.
Lemma 3.2. Let Y be an weighted homogeneous plane curve with tangent
cone {y = 0} and let TY be a turbine associated to Y . Let L be a local
system defined on the complement of Y . Then L is rigid if and only if L|TY
is rigid. A similar conclusion holds if we replace rigid by semi-rigid.
Let Y ◦n,k,ℓ be the curve defined by (9). Given ε ∈ C∗, let ε̂ be the one-
dimensional representation of π1(C
2 \ Y ◦n,k,ℓ) ≃ π1(T ∗n,k,ℓ) given by ε̂(δ) = ε
and ε̂(αi) = ε̂(ω0) = 1, 1 ≤ i ≤ ℓ. Let Kε be the rank one local system on
C
2 \ Y ◦n,k,ℓ whose monodromy representation is ε̂.
Set S = {C0, C1, . . . , Cℓ, C∞} and consider the map γ : C2\Y ◦n,k,ℓ → P1\S
given by γ(x, y) = (yk : xn). The homotopy class of each fiber of γ is given
by δ. Let Σε be the category of local systems on C2 \ Y ◦n,k,ℓ with scalar
monodromy ε · Id along the fibers of γ and let L 7→ L be the functor that
associates to an object of Σε the unique local system L on P1 \ S such that
K⊗−1ε ⊗ L ≃ γ−1L.
Lemma 3.3. The functor L 7→ L is an equivalence of categories such that
L is irreducible [rigid, semi-rigid] if and only if L is irreducible [rigid, semi-
rigid].
RIGID LOCAL SYSTEMS AND WEIGHTED HOMOGENEOUS CURVES 9
Proof. Let L be an object of Σε. The monodromy of K⊗−1ε ⊗L is trivial
along the fibers of γ. Hence L := γ∗(K⊗−1ε ⊗L) is a local system on P1 \ S.
Conversely, if L is a local system on P1 \ S, γ−1L is a local system on the
complement of Y ◦n,k,ℓ with trivial monodromy along the fibers of γ. Thus
Kε ⊗ γ−1L has scalar monodromy ε along the fibers of γ. Moreover,
Kε ⊗ γ−1
(
γ∗(K⊗−1ε ⊗ L)
) ≃ L, γ∗ (K⊗−1ε ⊗ (Kε ⊗ γ−1L)) ≃ L.
By Theorem 2.1, π1(C
2 \ Y ◦n,k,ℓ) ≃ π1(P1 \ S) × 〈δ〉, where 〈δ〉 is the
infinite cyclic group generated by δ. Hence L is irreducible if and only if L
is irreducible.
Let γ¯ be the restriction of γ to ∂(Dε × Dδ) \ Y ◦n,k,ℓ ≡ T ∗n,k,ℓ. There are
disjoint closed disks D˜i ⊂ P1 with centers Ci, i = 0, 1, . . . , ℓ,∞, such that
γ−1(∂D˜i) = ∂Ni, i = 0, . . . , ℓ, and γ
−1(∂D˜∞) = ∂N∞ = ∂N
∞. Thus a local
system L ∈ Σε is determined by L|∂T ∗
n,k,ℓ
if and only if (K⊗−1ε ⊗ L) ∈ Σ1
is determined by (K⊗−1ε ⊗ L)|∂T ∗n,k,ℓ if and only if L is determined by its
restriction to
⋃
i=0,...,ℓ,∞ ∂D˜i. Hence L is rigid [semi-rigid] if and only if L
is rigid [semi-rigid]. 
In the sequel we identify a local system on C2 \ Y ◦n,k,ℓ with its restriction
to T ∗ = T ∗n,k,ℓ.
Theorem 3.4. If L∗ is an irreducible local system on T ∗, L∗ ∈ Σε for some
ε 6= 0 and
rig(L∗,P1 \ S) =
∑
i∈{0,1,...,ℓ,∞}
dimΓ(∂Ni,End(L∗))− ℓ(rank L∗)2.
Moreover, L∗ is rigid if and only if rig(L∗,P1 \ S) = 2.
Proof. Keep the notations of the proof of Lemma 3.3. Since δ is in
the center of π1(T
∗) and L∗ is irreducible, L∗ has scalar monodromy along
the fibers of γ. Hence L∗ ∈ Σε for some ε 6= 0. By Lemma 3.3 there is
an irreducible local system L on P1 \ S such that L∗ ≃ (Kε)|T ∗ ⊗ γ−1L.
Since rank(Kε) = 1, rank(L∗) = rank(L). Since γ−1(∂D˜i) = ∂Ni for i =
0, 1, . . . , ℓ,∞, dimΓ(∂Ni,End(L∗)) = dimΓ(∂D˜i,End(L)). The proof now
follows from Theorem 3.1 and Lemma 3.3. 
We denote rig(L∗, T ∗) = rig(L∗,P1 \ S), which we refer as the index of
rigidity of L∗.
For the turbine without shaft we have a weaker result.
Theorem 3.5. Let L be a local system on T . The following holds:
(i) L is irreducible if and only if L|T ∗ is irreducible.
(ii) If L is rigid, L|T ∗ is rigid.
(iii) If L is irreducible and rigid, rig(L|T ∗ , T ∗) = 2.
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Proof. (i) follows from the fact that π1(T ) is a quotient group of π1(T
∗)
(cf. Theorem 2.1). Assume that L is rigid. Let F∗ be a local system
defined in T ∗ with the same local data of L|T ∗ , that is, L|∂Ni ≃ F∗|∂Ni ,
i = 0, . . . , ℓ,∞. Since L|∂N0 ≃ F∗|∂N0 , we can glue F∗ and L|N0 along ∂N0
and construct a local system F on T with the same local data of L. Since
L is rigid, L ≃ F . Hence L|T ∗ ≃ F∗.
(iii) follows from Theorem 3.4 taking into account (i) and (ii). 
4. Pochhammer local systems
4.1. Pochhammer local systems and Pochhammer tuples. Let A =
{a1, . . . , an} be a finite subset of a simply connected open subset Ω of C.
Set U = Ω \ A. Let j : U →֒ Ω be the open inclusion. Let L be a local
system on U and set V = La, for some fixed point a ∈ U . Consider loops
γi ∈ π1(U, a), 1 ≤ i ≤ n, verifying
1
2π
√−1
∮
γi
dx
x− aj = δi,j , j = 1, . . . , n.
Let ̺ : π1(U, a)→ GL(V ) be the monodromy representation of L. For each
γ ∈ π1(U, a) set V γ = ker(̺(γ)− 1V ).
Lemma 4.1. [21, 26] Let L be a local system on U . The following statements
are equivalent:
(a) There is a unique decomposition V = ⊕ni=1Wi such that V γi =
⊕j 6=iWj ;
(b) dimV =
∑n
i=1 codim V
γi and
⋂n
i=1 V
γi = {0};
(c) H∗(Ω, j∗L) = 0.
Note that Pochhammer local systems were called hypergeometric in [21,
26].
Definition 3. We say that a local system L on U is Pochhammer if it
verifies the equivalent conditions of Lemma 4.1.
A matrix M ∈ GLn(C) is a pseudo-reflection if codim ker(M − In) = 1.
The determinant of a pseudo-reflection M is an eigenvalue of M , called the
special eigenvalue of M . Unless otherwise stated, we always assume the
special eigenvalue of a pseudo-reflection distinct from one.
Assume that L is Pochhammer. We call multiplicity of L at a point ai ∈ A
to the codimension of V γi and we denote it by multai(L). If multai(L) = 1,
we call special eigenvalue of L at ai, i = 1, . . . , n, to the special eigenvalue of
the pseudo-reflection ̺(γi). We say that L hasmultiplicity one if multai(L) =
1 for i = 1, . . . , n.
Assume that U = P1 \ {a1, . . . , an,∞} and choose simple loops γi around
ai, i = 1, . . . , n, in such a way that γ∞ := γ1 · · · γn is a simple loop around
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∞. Denote by Ai, i = 1, . . . , n,∞, the matrices ̺(γi), i = 1, . . . , n,∞, w.r.t.
some basis of V .
Next result follows from [7, Theorem 1.1] and Theorem 3.1.
Theorem 4.2. Consider nonzero complex numbers λ1, . . . , λn, η1, η2, such
that λi 6= 1, η1 for all i, η1 6= η2, and λ1 · · ·λn = ηn−11 η2. For each i =
1, . . . , n set
(10) Ai =

1 (λ1 − η1)η−11
. . .
...
1 (λi−1 − η1)η−11
λi
λi+1 − η1 1
...
. . .
λn − η1 1

.
Set A∞ := A1 · · ·An. Then (A1, · · · , An, A∞) determines the monodromy
representation of an irreducible rigid Pochhammer local system of multiplic-
ity one on U and special eigenvalue λi at ai, i = 1, . . . , n, such that A∞ is
conjugated to η1In−1 ⊕ η2.
We call the tuple (λ1, . . . , λn; η1, η2) of Theorem 4.2 the numerical local
data of L and the tuple of matrices (A1, . . . , An, A∞) a Pochhammer tuple
(cf. [4]), which determines the monodromy of a Pochhammer local system
of differential equations with regular singular points at a1, . . . , an,∞ and no
logarithmic solution. We refer to [7] for a definition of Pochhammer system
of differential equations.
Next result shows that the local systems of theorem Theorem 4.2 ex-
hausted the class of rigid irreducible Pochhammer local systems of multi-
plicity one on the punctured Riemann sphere (up to isomorphism).
Theorem 4.3. Let L be an irreducible rigid Pochhammer local system of
multiplicity one on U with semi-simple monodromy around infinity. For
each i = 1, . . . , n, let Ai be the pseudo-reflection determined by the lo-
cal monodromy of L around ai and let λi 6= 1 be its special eigenvalue.
There are distinct nonzero complex numbers η1, η2 verifying λ1, . . . , λn 6= η1
and λ1 · · ·λn = ηn−11 η2, such that the monodromy around infinity , A∞ =
A1 · · ·An, is conjugated to η1In−1⊕ η2. In particular, (A1, . . . , An, A∞) is a
Pochhammer tuple.
Proof. Since L has multiplicity one and special eigenvalue λi 6= 1 at
ai all centralizers Z(Ai) = {B ∈ GL(n) : AiB = BAi}, i = 1, . . . , n, have
dimension (n − 1)2 + 1. Since L is rigid we have by Theorem 3.1,
rig(L, U) = −(n− 1)n2 + n((n− 1)2 + 1) + dimZ(A∞) = 2.
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Hence dimZ(A∞) = (n−1)2+1. Let d1 ≤ d2 ≤ · · · ≤ ds be the multiplicities
of the distinct eigenvalues of A∞. Clearly s ≥ 2. Since A∞ is semi-simple,∑s
i=1 di = n and
∑s
i=1 d
2
i = dimZ(A∞) = n
2 + 2(1− n). Since(
s∑
i=1
di
)2
=
s∑
i=1
d2i + 2
∑
i<j
didj = n
2,
∑
i<j didj = n−1. In particular, d1(n−d1) ≤ n−1. Since d1(n−d1) > n−1,
if d1 > 1, s = 2 and d1 = 1. Therefore A∞ is conjugated to η1In−1 ⊕ η2
for some (nonzero) distinct complex numbers η1 6= η2. The theorem now
follows from the irreducibility conditions of [7, Proposition 1.3] and relation
det(A∞) = det(A1 · · ·An). 
Let TY = N \
⋃
i∈I Ni be a turbine associated to a weighted homogeneous
plane curve Y with irreducible componentes Yi, i ∈ I. Set U = TY ∩L, with
L a generic line transversal to Y . Then U is a retract by deformation of
L \A, where A = L ∩ Y .
Definition 4. We say that a local system F on TY is Pochhammer if F|U is
a Pochhammer local system on U . We say that F has multiplicity µi along
∂Ni if F|U has multiplicity µi at some point of Yi ∩ L. We say that L has
multiplicity one on TY if F|U has multiplicity one on U .
Next result shows that an analogue of Theorem 3.4 also holds for turbines
without shaft, at least for Pochhammer local systems.
Lemma 4.4. Assume that L is irreducible and Pochhammer on a turbine
with shaft Tn,k,ℓ. Then L is rigid if and only if rig(L|T ∗
n,k,ℓ
,L) = 2.
Proof. Let K be a local system on T = Tn,k,ℓ with the same local data of
L. Set T ∗ = T ∗n,k,ℓ and set K∗ = K|T ∗ . If K|∂N0 ≃ L|∂N0 , K∗ and L∗ would
have have the same local data on the shaft, which imply, by the rigidity of
L∗ that L∗ ≃ K∗. Moreover, since L|∂N0 has trivial monodromy, L ≃ K.
Hence it is enough to prove that ̺L(ω0) and ̺K(ω0) are conjugated, where
̺H : π1(T ) → GLm(C) denote the monodromy representation of a local
system H of rank m on T .
By (i) ̺L(α∞) does not have the eigenvalue one. Since this condition is
invariant by conjugation, the same holds for ̺K(α∞). By condition (b) of
Lemma 4.1 K is a Pochhammer local system of multiplicity one and rank
m = kℓ. By Corollary 2.3 we have
α∞ = (g0,1 · · · g0,ℓ) (g1,1 · · · g1,ℓ) · · · (gk−1,1 · · · gk−1,ℓ),
with gj,i = ω
k−1−j
0 αiω
1−k+j
0 , j = 0, . . . , k − 1 and i = 1, . . . , ℓ.
Set Vj,i = ker(̺K(gj,i)− Im). Since dimker(̺K(α∞)− Im) = 0,
(11)
⋂
i,j
Vj,i ⊂ ker(̺K(α∞)− Im) = (0).
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Since codimker(̺K(αi)− Im) = 1, i = 1, . . . , ℓ, we get, by similar arguments
to Lemma 4.1 a unique decomposition into linear spaces of rank one,
C
m =
k−1⊕
j=0
ℓ⊕
i=1
Uj,i, Vj,i =
⊕
(q,p)6=(j,i)
Uq,p.
Now, we have the equivalences,
u ∈ Vj,i ⇔ ̺K
(
ωk−j−10 αiω
j−k+1
0
)
(u) = u
⇔ ̺K
(
ωk−j0 αiω
j−k
0
)
(̺K(ω0)(u)) = ̺K(ω0)(u)
⇔ ̺K(ω0)(u) ∈ Vj−1,i.
Hence ̺K(ω0) maps Vj,i isomorphically onto Vj−1,i, for j = 1, . . . , k − 1 and
i = 1, . . . , ℓ. Since ωk0 = δ
r, ̺K(ω0) also maps V0,i isomorphically onto Vk−1,i
for i = 1, . . . , ℓ. Therefore, there is a basis (uj,i)j,i of V such that Uj,i is the
linear span of uj,i and the matrix of ̺K(ω0) w.r.t. (uj,i)j,i equals,
D1
. . .
Dk−1
D0
 ,
with D0, . . . ,Dk−1 diagonal matrices of order ℓ, verifying D0 · · ·Dk−1 =
εr Iℓ. Up to a diagonal change of basis we can assume D1 = . . . = Dk−1 = Iℓ
and D0 = ε
rIℓ. 
The proof of the previous lemma showed in particular, that the mon-
odromy along ω0 of an irreducible Pochhammer local system on a turbine
without shaft has a very special shape: it is always conjugated to ⊕iζiIℓ
where ζi ranges through the set of k-roots of ε
r and Iℓ denotes the identity
matrix of order ℓ (cf. Theorem 5.4).
4.2. Pochhammer local systems on the complement of an hyper-
surface. Let Y be the germ of an hypersurface of a complex manifold X
and denote by mult(Y ) its multiplicity. Let Z be an irreducible component
of Y . Let b ∈ Z be a nonsingular point of Y . Let C be the germ at b of a
smooth curve transversal to Z. Let γ be a loop of C \ Z with base point
c. Assume that
∮
γ df/f = 2π
√−1, where f is a defining function of Z at b.
Let L be a local system on X \ Y and let M be its monodromy along the
loop γ. The conjugacy class MZ of M does not depend on γ, c or b and is
called the local monodromy of L around Z.
Let rank(L) denote the dimension of the fiber of L at a point of X \ Y .
Let j : X \Y →֒ X be the inclusion map. The nonnegative integer rank(L)−
dim(j∗L)b does not depend on b. It is called the multiplicity of L along Z
and it is denoted by multZ(L). Notice that
(12) multZ(L) = codim(ker(MZ − id)).
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Lemma 4.5. Let (Y, o) be the germ of an hypersurface in Cn, with irre-
ducible components Y1, . . . , Yr. Let X be an open neighbourhood of o. Let
τ : Cn → C be a linear projection with fibers transversal to the tangent cone
of Y . Let L be a local system on X \Y . Let j be the open inclusion of X \Y
into X. The following statements are equivalent:
(a) (j∗L)o = 0 and rank(L) =
∑r
i=1mult(Yi)multYi(L);
(b) For each b ∈ τ(U) such that b does not belong to the discriminant of
τ , L|τ−1(b) verifies the conditions of Lemma 4.1;
(c) Rτ∗(L) vanishes.
Proof. The equivalence between (a) and (b) follows from Lemma 4.1. The
equivalence between (b) and (c) was proved in [21]. 
Definition 5. [21] Let (Y, o) be the germ of an hypersurface. Let X be an
open neighbourhood of o. Let L be a local system on X \Y . We say that the
local system L is Pochhammer if the conditions of Lemma 4.5 are verified.
5. Recognition of an irreducible Pochhammer local system
5.1. An irreducibility criterion for groups generated by pseudo-
reflections. Let H be a linear subgroup of GLm(C) generated by pseudo-
reflections Ai = Im − ui vTi , i = 1, . . . ,m, with ui, vi ∈ Cm, ui, vi 6= 0.
Let Γ = (V,A) be a digraph with set of vertices V = {x1, . . . , xm}, and
set of arcs A such that there is an arc from xi to xj (i 6= j), i.e., (xi, xj) ∈ A,
if vTi uj 6= 0.
Recall that a digraph is called strongly connected if for any distinct pair
of vertices x and x′ there is a directed path from x to x′.
The following result gives an useful criterion to decide the irreducibility
of linear subgroups of GLm(C) generated by pseudo-reflections.
Theorem 5.1. [6, Theorem 5] The following hold.
(i) The group H is an irreducible subgroup of GLm(C) if and only if the
following conditions are verified:
(a) Γ is strongly connected.
(b) The matrix [vTi uj], i, j = 1, . . . ,m, is invertible.
(ii) If H is an irreducible subgroup of GLm(C), there is a matrix T ∈
GLm(C) such that TAiT
−1 = Im−fi eTi , i = 1, . . . ,m, with fi ∈ Cm,
fi 6= 0, and ei = (0, . . . , 0, 1, 0, . . . , 0) the i-th standard basis vector
of Cm.
When the pseudo-reflections are written in the ‘standard form’ described
in (ii), we can replace the invertibility condition (b) by an invertibility con-
dition expressed in terms of the product A := A1 · · ·Am. More precisely, we
have the following result.
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Lemma 5.2. Consider pseudo-reflections Ai = Im − fi eTi , with fi ∈ Cm,
fi 6= 0, for i = 1, . . . , k. Then [eTi fj], i, j = 1, . . . ,m, is invertible if and
only if Im −A is invertible.
Proof. For each k = 1, . . . ,m, we can find complex numbers βi,k, i =
1, . . . , k − 1, such that
(Im −A)ek = fk +
k−1∑
i=1
βi,kfi.
Hence Im−A is invertible if and only if f1, . . . , fm are linearly independent.

5.2. Numerical local data associated to an irreducible Pochhammer
local system.
Theorem 5.3. Let L∗ be an irreducible Pochhammer local system of mul-
tiplicity one on T ∗ = T ∗n,k,ℓ with monodromy representation ̺ : π1(T
∗) →
GLm(C), m = kℓ+1. Assume moreover that L∗ has semi-simple monodromy
at ∞, i.e., ̺(ω∞) is semi-simple. Then the following holds.
(i∗) ̺(αi), are pseudo-reflections with special eigenvalues λi 6= 1, i =
0, . . . , ℓ.
(ii∗) ̺(δ) = ε Im for some ε ∈ C∗.
(iii∗) ̺(ω0) is conjugated to ζ1Iℓ ⊕ · · · ⊕ ζkIℓ ⊕ b, with {ζ1, . . . , ζk} the set
of k-roots of εr and bk 6= εr.
(iv∗) ̺(ω∞) is conjugated to ξ1Im1 ⊕ · · · ⊕ ξνImν , with ξ1, . . . , ξν , pairwise
distinct nonzero complex numbers, ξki 6= εr, mν ≤ · · · ≤ m1 ≤ ℓ and∑
j mj = m.
(v∗) λ1 · · · λℓ ξm11 · · · ξmνν = (−1)(ν−1)ℓb εrℓ and λ0bk = εr.
Furthermore, L∗ is rigid if and only if ν = k + 1, m1 = · · · = mk = ℓ and
mk+1 = 1.
We refer to (ε; b;λ1, . . . , λℓ; ξ1, . . . , ξν ;m1, . . . ,mν) as the numerical local
data of L∗.
We refer to the former relation of (v∗) as the Fuchs relation.
Proof. (i∗) follows by definition.
(ii∗) follows from the facts that δ belongs to the center of π1(T
∗) and L∗
is irreducible.
Let us prove (iii∗). Since each ̺(αi) is a pseudo-reflection, codimker(̺(αi)−
Im) = 1 and we obtain, by a simple linear algebra argument,
(13) codim
ℓ⋂
i=1
ker(̺(αi)− Im) ≤
ℓ∑
i=1
codimker(̺(αi)− Im) = ℓ.
Since α1, . . . , αℓ, ω0 and δ generate π1(T
∗), all eigenvalues of ̺(ω0) have
geometric multiplicity less than or equal to ℓ. Otherwise ̺ would leave
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invariant a nontrivial linear subspace, contradicting its irreducibility. Since
α0ω
k
0 = δ
r and ̺(α0) is a pseudo-reflection with special eigenvalue λ0 6= 1,
̺(ωk0) is conjugated to b
′ ⊕ (εr)⊕kℓ with b′ 6= εr. Hence ̺(ω0) is conjugated
to ζ1Iℓ ⊕ · · · ⊕ ζkIℓ ⊕ b where ζ1, . . . , ζk are the distinct k-roots of εr and
b 6= ζi for i = 1, . . . , k.
Let us prove (iv∗). Since α1, . . . , αℓ, ω∞ and δ generate π1(T
∗), all eigen-
values of ̺(ω∞) have geometric multiplicity less than or equal to ℓ by an
argument similar to the argument used in (ii). By Corollary 4.4 and the
hypothesis, ̺(α∞) = ̺(δ
rω−k∞ ) does not have the eigenvalue one. Hence
ξki 6= εr for all i.
(v∗) follows from relations det(̺(α1) · · · ̺(αl)̺(ω∞)) = det(̺(ω0)) and
α0 = δ
rω−k0 .
Assume that L∗ is rigid. Let z(A) be the dimension of the centralizer
of a linear endomorphism A. Since ̺(δ) = εIm, the pair wi, δ generate
π1(∂Ni), i = 0,∞, and the pair αi, δ generate π1(∂Ni), i = 1, . . . , ℓ, we ob-
tain dimΓ(∂Ni,End(L∗)) = z(̺(ωi)), i = 0,∞ and dimΓ(∂Ni,End(L∗)) =
z(̺(αi)), i = 1, . . . , ℓ. Since L∗ is rigid, we have by Theorem 3.4,
rig(L∗ , T ∗) = z(̺(ω∞)) + z(̺(ω0)) +
ℓ∑
i=1
z(̺(αi))− ℓ(kℓ+ 1)2 = 2.
Thus z(̺(ω∞)) = kℓ
2 + 1. Take s ∈ Z such that ℓ = m1 = · · · = ms >
ms+1 ≥ · · · ≥ mν ≥ 1. Since ̺(ω∞) is semi-simple,
∑ν
i=1mi = kℓ + 1 and∑ν
i=1m
2
i = kℓ
2 + 1. Hence
ν∑
i=s+1
mi = (ν − s)ℓ+ 1 and
ν∑
i=s+1
m2i = (ν − s)ℓ2 + 1.
Therefore,
ℓ
ν∑
i=s+1
mi =
ν∑
i=s+1
m2i + ℓ− 1,
that is,
ν∑
i=s+1
mi(ℓ−mi) = ℓ− 1.
Since t(ℓ− t) > ℓ− 1 if t ∈]1, ℓ− 1[, s = ν − 1 and mν = 1. Therefore s = k,
ν = k + 1, m1 = m2 = · · · = mk = ℓ and mk+1 = 1. 
Theorem 5.4. Let L be an irreducible Pochhammer local system of mul-
tiplicity one on the turbine without shaft T = Tn,k,ℓ with monodromy rep-
resentation ̺ : π1(T ) → GLm(C), m = kℓ. Assume moreover that L has
semi-simple monodromy at infinity, i.e., ̺(ω∞) is semi-simple. The follow-
ing holds.
(i) For each i = 1, . . . , ℓ, ̺(αi) is a pseudo-reflection with special eigen-
value λi 6= 1.
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(ii) ̺(δ) = ε Im for some ε ∈ C∗.
(iii) ̺(ω0) is conjugated to ζ1Iℓ ⊕ · · · ⊕ ζkIℓ, with {ζ1, . . . , ζk} the set of
k-roots of εr.
(iv) ̺(ω∞) is conjugated to ξ1Im1 ⊕ · · · ⊕ ξνImν , with ξ1, . . . , ξν , pairwise
distinct nonzero complex numbers, ξki 6= εr, mν ≤ · · · ≤ m1 ≤ ℓ and∑
j mj = m.
(v) λ1 · · · λℓ ξm11 · · · ξmνν = (−1)(ν−1)ℓ εrℓ.
Moreover, L is rigid if and only if ν = k + 1, m1 = · · · = mk−1 = ℓ,
mk = ℓ− 1 and mk+1 = 1.
We refer to (ε;λ1, . . . , λℓ; ξ1, . . . , ξν ;m1, . . . ,mν), as the numerical local
data of L.
We refer to relation (v) as the Fuchs relation.
Proof. It follows from similar arguments to the proof of Theorem 5.3,
taking into account Lemma 4.4. 
6. Reconstruction of a rigid Pochhammer local system
In this section we solve the inverse problem of reconstructing an rigid
irreducible Pochhammer local system of multiplicity one on a turbine from
its numerical local data, assuming some additional generic conditions on this
data.
6.1. The case ℓ = 1.
Theorem 6.1. A tuple of nonzero complex numbers,
(ε; b;λ1; ξ1, . . . , ξk+1; 1, . . . , 1),
verifying Fuchs relation λ1ξ1 · · · ξk+1 = (−1)kb εr with λ1 6= 1 and bk, ξkj 6=
εr for all j, plus the generic condition ξi 6= b for all i, is the numerical local
data of an irreducible rigid Pochhammer local system of multiplicity one on
T ∗n,k,1 and semi-simple monodromy at ∞.
Proof. Set T ∗ = T ∗n,k,1. In virtue of theorems 2.1 and 5.3, it is enough
to find matrices A1,Ω0 ∈ GLm(C), m = k + 1, verifying:
(i∗) A1 is a pseudo-reflection with special eigenvalue λ1;
(ii∗) Ω0 has eigenvalues b, ζ1, . . . , ζk, with ζ1, . . . , ζk the distinct k-roots
of εr and b 6= ζi for all i;
(iii∗) A0 = ε
rΩ−k0 is a pseudo-reflection with special eigenvalue λ0 =
εrb−k;
(iv∗) Ω∞ := A
−1
1 Ω0 has k + 1 distinct eigenvalues ξ1, . . . , ξk+1;
(v∗) The linear representation ̺ : π1(T
∗) → GLm(C), defined by ̺(δ) =
εIm, ̺(αi) = Ai, i = 0, 1, and ̺(ω0) = Ω0, is irreducible and rigid.
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(i∗)− (iii∗) are immediately fulfilled considering,
(14) Ω0 =

b
1
. . .
1
1 εr
 , A1 =

1 ak
1 ak−1
. . .
...
1 a1
λ1
 ,
with ai ∈ C, i = 1, . . . , k − 1, arbitrary (to be determined later).
Let us prove (iv∗). The matrix Ω∞ = A
−1
1 Ω0 equals
(15)

b− λ−11 ak −λ−11 akεr
−λ−11 ak−1 −λ−11 ak−1εr 1
...
...
. . .
−λ−11 a1 −λ−11 a1εr 1
λ−11 λ
−1
1 ε
r
 .
Since det(zIm − Ω∞) = (b− z)q(z)− λ−11 akzk, with
q(z) = zk + εrλ−11
(
ak−1z
k−1 + ak−2z
k−2 + · · ·+ a1z − 1
)
,
Ω∞ has eigenvalues ξ1, . . . , ξk+1 if and only if the following conditions hold:
−b εrλ−11 = (−1)k+1
k+1∏
i=1
ξi,
εrλ−1(a1b+ 1) =
∑
#{i1,i2,...,ik}=k
(−1)kξi1ξi2 · · · ξik ,
εrλ−1(a2b− a1) =
∑
#{i1,i2,...,ik−1}=k−1
(−1)k−1ξi1ξi2 · · · ξik−1 ,
...
εrλ−1(ak−1b− ak−2) =
∑
i1 6=i2
ξi1ξi2 ,
b− εrλ−1(ak + ak−1) = −
ν∑
i=1
ξi.
First relation is equivalent to Fuchs relation. The other relations determine
the ai’s by recurrence.
Let us prove (v∗). The only nontrivial part is to prove the irreducibility.
Set M0 = A0 and set Mj = Ω
k−j
0 A1Ω
j−k, j = 1, . . . , k. Each Mj is a
pseudo-reflection of the form Ik − vj eTj , for a unique nonzero vector vj ∈
C
k+1. In order to prove that ̺ is irreducible it is enough to show that the
linear subgroup H∗ of GLk+1(C) generated by M0, . . . ,Mk is irreducible.
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Let Γ = (V,A) be the digraph with set of vertices V = {x0, . . . , xk} and
set of arcs A = {(xi, xj) : eTi vj 6= 0 (i 6= j)}.
Since b 6= ξi for all i (by hypothesis), −λ−11 akbk =
∏k+1
i=1 (b − ξi) 6= 0.
Hence ak 6= 0. Since eT0 vj = −bk−jak 6= 0, (x0, xj) ∈ A for every j 6=
0. Since eTj v0 = b
k+1−j 6= 0, (xj , x0) ∈ A for every j 6= 0. Thus, Γ
is strongly connected. Moreover, by Corollary 2.3 and relation ξki 6= εr,
i = 1, . . . , k + 1, M0M1 · · ·Mk = εrΩ−k∞ does not have the eigenvalue one.
Hence H∗ is irreducible by Theorem 5.1 and Lemma 5.2. 
Theorem 6.2. A tuple of nonzero complex numbers (ε, λ1; ξ1, . . . , ξk; 1, . . . , 1)
verfying Fuchs relation λ1ξ1 · · · ξk = (−1)k−1εr with λ1 6= 1 and ξkj 6= εr
for all j, plus the generic condition
∑k
i=1 ξi 6= 0, is the numerical local
data of an irreducible Pochhammer system of multiplicity one on Tn,k,1 with
semi-simple monodromy at ∞.
Proof. Set T = Tn,k,1. We have to find matrices Ω0 and A1 such that
the following hold:
(i) The eigenvalues of Ω0 are the k-roots of ε
r;
(ii) A1 is a pseudo-reflection with special eigenvalue λ1;
(iii) Ω∞ := A
−1
1 Ω0 has distinct eigenvalues ξ1, . . . , ξk;
(iv) The linear representation ̺ : π1(T ) → GLm(C), defined by ̺(δ) =
εIm, ̺(α1) = A1 and ̺(ω0) = Ω0 is irreducible and rigid.
The conditions (i)-(iii) are fulfilled at once considering,
(16) Ω0 =

1
. . .
1
εr
 , A1 =

1 bk−1
. . .
...
1 b1
λ1
 ,
with bi = ε
−rλ1ai, i = 1, . . . , k−1, such that zk+
∑k−1
i=0 aiz
i =
∏k
i=1(z− ξi).
Let us prove (iv). The only nontrivial part is to prove that ̺ is irreducible.
Set Mj = Ω
k−j
0 A1Ω
j−k
0 , j = 1, . . . , k. Then Mj = Ik − vj eTj , for a unique
nonzero vector vj ∈ Ck and it is enough to prove that the linear subgroup
H of GLk(C), generated by the Mj ’s is irreducible.
Let Γ = (V,A) be the digraph with set of vertices V = {x1, . . . , xk} and
set of arcs A = {(xi, xj) : eTi vj 6= 0 (i 6= j)}.
Since Ω0 is the product of an invertible diagonal matrix by the permu-
tation matrix associated to the cycle σ = (1 · · · k), Mj = Ω0Mσ(j)Ω−10 .
Therefore (xi, xj) ∈ A if and only if (xσ(i), xσ(j)) ∈ A. Since
∑k
j=1 ξj 6= 0,
eT1 vk = −bk−1 6= 0 and thus (1, k) ∈ A. Therefore Γ is strongly con-
nected. By Corollary 2.3 and the assumption ξkj 6= εr for all j, M1 · · ·Mk =
Ωk0(Ω
−1
0 A1)
k = εrΩ−k∞ , does not have the eigenvalue one. Hence H is irre-
ducible in virtue of Theorem 5.1 and Lemma 5.2. 
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6.2. The general case. Consider a turbine with shaft T ∗n,k,ℓ = N∞ \⋃ℓ
i=1 int(Ni) and a solid torus N• such that Ni ⊂ N• ⊂ N∞ \ N0 for all
i. Set T ∗n,k,• := N∞ \ int(N0 ∪N•) and N ′• = N• \ ∪ℓi=1int(Ni).
The topological space T ∗n,k,• defines a turbine with shaft and parameters
n, k, 1 and T ∗n,k,ℓ is the union of T
∗
n,k,• and N
′
•, pieced together along the
torus ∂N• (see Figure 1).
T
∗
n,k,ℓ N
′
•
⊔
T
∗
n,k,•
=
Figure 1. Decomposition of a turbine with shaft
Let D• be a section transversal to N•. Let Di ⊂ D• be a section transver-
sal to Ni. Set D
′
• = D• \ ∪ℓi=1int(Di). Set U• = ∂D• and Ui = ∂Di, i =
1, . . . , ℓ. Then π1(Ui) = 〈αi〉 for all i, π1(U•) = 〈α•〉 with α• := α1 · · ·αℓ, and
π1(D
∗
•) = 〈α•, α1, . . . , αℓ : α• = α1 · · ·αℓ〉. Moreover, π1(N ′•) ≃ π1(D′•)×〈δ〉.
Lemma 6.3. Let L be a Pochhammer local system on a turbine T ∗n,k,ℓ of
multiplicity µi along ∂Ni, i = 0, . . . , ℓ. The following holds:
(1) L|T ∗
n,k,•
is a Pochhammer local system on T ∗n,k,• of multiplicity kµi
along ∂Ni, i = 1, . . . , ℓ, and multiplicity µ0 along ∂N0.
(2) L|D′• ≃ K ⊕ L˜, with K a constant sheaf of rank µ0 +
∑ℓ
i=1(k − 1)µi
and L˜ a Pochhammer local system of multiplicity µi along αi.
(3) The local data of L is determined by the local data of L′ and of L˜.
Proof. Straightforward. 
The previous lemma motivates the following definition.
Definition 6. Let L, L′ and L˜ be Pochhammer local systems on T ∗n,k,ℓ, T ∗n,k•
and D′•, respectively. We say that L is an extension of L′ via L˜, and we
denote it by L = L′ ⋊ L˜, if L|T ∗
n,k,•
≃ L′ and there is constant sheaf K on
D′• such that L|D′•/K ≃ L˜.
All considerations and results above can be adapted, in a obvious way, to
the turbines without shaft, Tn,k,ℓ and Tn,k,•, where Tn,k,• denotes the turbine
with parameters n, k, 1 obtained from T ∗n,k,• by ‘filling in’ its shaft.
Theorem 6.4. Consider nonzero complex numbers ε, b, λ1, . . . , λℓ, ξ1, . . . , ξk+1,
such that λ1, . . . , λℓ, η1, η2 6= 1, λ1, . . . , λℓ 6= η1, ξi 6= ξj (i 6= j), ξ1, . . . , ξk+1 6=
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b, ξk1 , . . . , ξ
k
k+1, b
k 6= εr, ∑ki=1 ξi 6= 0, and η1 6= η2, where
η1 := (−1)k−1εr
k∏
i=1
ξ−1i , η2 := (−1)kεrb
k+1∏
i=1
ξ−1i .
Assume moreover that the Fuchs relation
λ1 · · · λℓ ξℓ1 · · · ξℓk ξk+1 = (−1)(k−1)ℓb εrℓ,
holds. Then we have the following.
(i) There is an irreducible rigid Pochhammer local system F of multi-
plicity one on Tn,k,•, that is determined by the numerical local data
(ε; η1; ξ1, . . . , ξk).
(ii) There is an irreducible rigid Pochhammer local system G∗ of mul-
tiplicity one on T ∗n,k,•, that is determined by the numerical data
(ε; b; η2; ξ1, . . . , ξk+1).
(iii) There is an irreducible rigid Pochhammer local system L˜ of multi-
plicity one on D′•, that is determined by the numerical local data
(λ1, . . . , λℓ; η1, η2).
(iv) The tuple (ε; b;λ1, . . . , λℓ; ξ1, . . . , ξk+1; ℓ, . . . , ℓ, 1) is the numerical lo-
cal data of an irreducible rigid Pochhammer local system of multi-
plicity one on the turbine T ∗n,k,ℓ and semi-simple monodromy at ∞,
obtained as extension of F⊕(ℓ−1)|T ∗
n,k,•
⊕ G∗ via L˜. Moreover, this
extension is unique.
Proof. (i)-(iii) follow from theorems 6.2, 6.1 and 4.2. Let us prove (iv).
Set L′ = F⊕(ℓ−1)|T ∗
n,k,•
⊕ G∗ which is a Pochhammer local system on
T ∗• of multiplicity ℓ along ∂N• and multiplicity one along ∂N0. Denote
by ̺H the monodromy representation of a local system H. By (16) and
(14) we may assume that ̺L′(ω0) = ̺F (ω0)
⊕(ℓ−1) ⊕ ̺G∗(ω0) and ̺L′(α•) =
̺F (α•)
⊕(ℓ−1) ⊕ ̺G∗(α•) are simultaneously conjugated, by a permutation
matrix, to the block matrices
Ω0 :=

b
Iℓ
. . .
Iℓ
B εrIℓ
 , A• :=

1 Ck
Iℓ Ck−1
. . .
...
Iℓ C1
C0
 ,
with B = (0, . . . , 0, 1) ∈ Cℓ, C0 = η1 Iℓ−1 ⊕ η2 , Ci = bi Iℓ−1 ⊕ ai, i =
1, . . . , k − 1, and CTk = (0, . . . , 0, ak) ∈ Cℓ, ak 6= 0.
By Theorem 4.2 there is an invertible matrix P of order ℓ such that
P−1C0P = A1 · · ·Aℓ, where Ai = Iℓ − uieTi is a pseudo-reflection with
special eigenvalue λi and
(17) ui = ((η1 − λ1)η−11 , . . . , (η1 − λi−1)η−11 , 1− λi, η1 − λi+1, . . . , η1 − λℓ).
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Set Q = 1 ⊕ P⊕k ∈ SLm(C) with m = kℓ + 1. Then Ω′0 = Q−1Ω0Q and
A′• = Q
−1A•Q are, respectively, given by
b
Iℓ
. . .
Iℓ
B′ εrIℓ
 ,

1 C ′k
Iℓ C
′
k−1
. . .
...
Iℓ C
′
1
C ′0
 ,
with B′ = P−1B 6= 0, C ′j = P−1CjP , j = 0, . . . , k − 1 and C ′k = CkP 6= 0.
Set Θ = {0} ∪ ⋃k−1j=0 Θj with Θj = {(j, 1), . . . , (j, ℓ)}. Set ν(0) = 0 and
ν(j, i) = ℓj+i for each (j, i) ∈ Θj. For each θ ∈ Θ, let eˆθ = (eˆθ,0, . . . , eˆθ,kℓ) ∈
C
m, be the vector defined by eˆθ,r = 1 if r = ν(θ) and eˆθ,r = 0, otherwise.
Since C ′0 = A1 . . . Aℓ, there are unique vectors v(k−1,i) ∈ Cm, i = 1, . . . , ℓ,
verifying
(18) eˆT(k−1,i)v(k−1,i) = e
T
i ui, i = 1, . . . , ℓ
such that A′• is the product of pseudo-reflections Xi = Im − v(k−1,i)eˆT(k−1,i),
i = 1, . . . , ℓ. By Theorem 2.1 we have a linear representation, ̺ : π1(T
∗
n,k,ℓ)→
GLm(C), defined by ̺(δ) = εIm, ̺(αi) = Xi, i = 1, . . . , ℓ, and ̺(ω0) = Ω
′
0.
By construction ̺ is the monodromy representation a Pochhammer local
system L∗ extending L′ via L˜.
It remains to verify that L∗ is irreducible and rigid. The only nontriv-
ial part is to prove the irreducibility. Set G0 = ε
r(Ω′0)
−k and G(j,i) =
(Ω′0)
k−1−jXi(Ω
′
0)
1−k+j , j = 0, . . . , k − 1.
Let Γ = (V,A) be the digraph with set of vertices V = {xθ : θ ∈ Θ} and
set of arcs A = {(xθ, xη) : eˆTθ vη 6= 0}. It is enough to prove that Γ is strongly
connected.
Let Γj be the induced sub-digraph of Γ, with set of vertices Vj = {xθ :
θ ∈ Θj}.
By (17), (18), and relations λi 6= η1, i = 1, . . . , ℓ, Γk−1 is the complete
digraph.
By straightforward computations, reminding that C ′k 6= 0, we have for
j = 0, . . . , k − 2 and i1, i2 = 1, . . . , ℓ,
eˆT0 v(j,1) = b
(k−j−1) eˆT0 v(k−1,1) 6= 0, eˆT(j,i1) v(j,i2) = eˆT(k−1,i1) v(k−1,i2).
Hence Γj ≃ Γk−1 is complete and there are arcs from vertex x0 to some
vertex of Γj , for every j = 0, . . . , k−1. Since G0 = εrQ−1Ω−k0 Q = Im−v0 eˆT0
equals 
λ0
−B′b−k Iℓ
...
. . .
−B′b−1 Iℓ
 ,
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with λ0 = ε
rb−k and B′ 6= 0 there is i0 ∈ {1, . . . , ℓ} such that eˆT(j,i0)v0 6= 0,
j = 0, . . . , k − 1. Hence there is an arc from some vertex of Γj to vertex x0
for every j = 0, . . . , k − 1. Therefore Γ is strongly connected.
By Lemma 6.3 every extension of F⊕(ℓ−1)|T ∗
n,k,•
⊕G∗ via L˜ have local data
isomorphic to the local data of L∗. Hence these extensions are isomorphic
to L∗, since L∗ is rigid. 
Theorem 6.5. Consider nonzero complex numbers ε, λ1, . . . , λℓ, ξ1, . . . , ξk+1,
with λi, η1, η2 distinct from one, λ1, . . . , λℓ 6= η1, ξi 6= ξj (i 6= j), ξ1 + · · ·+
ξk 6= 0, ξ1 + · · · + ξk−1 + ξk+1 6= 0, ξk1 , . . . , ξkk+1 6= εr, and where
η1 := (−1)k−1εr
k∏
i=1
ξ−1i , η2 := (−1)k−1εrξ−1k+1
k−1∏
i=1
ξ−1i .
Assume moreover that the Fuchs relation λ1 · · · λℓ ξℓ1 · · · ξℓk−1 ξℓ−1k ξk+1 =
(−1)(k−1)ℓ εrℓ holds. Then we have the following.
(i) There are irreducible rigid Pochhammer local system of multiplicity
one on Tn,k,•, F and G determined, respectively, by the numerical
local data (ε; η1; ξ1, . . . , ξk) and (ε; η2; ξ1, . . . , ξk−1, ξk+1).
(ii) There is a rigid Pochhammer local system L˜ of multiplicity one on
D′•, determined by the numerical local data (λ1, . . . , λℓ; η1, η2).
(iii) The tuple (ε;λ1, . . . , λℓ; ξ1, . . . , ξk+1; ℓ, . . . , ℓ, ℓ − 1, 1) is the numer-
ical local data of an irreducible rigid Pochhammer local system of
multiplicity one on the turbine Tn,k,ℓ and semi-simple monodromy at
infinity, obtained as extension of F⊕(ℓ−1) ⊕ G via L˜. Moreover, this
extension is unique.
Proof. (i) and (ii) follow from theorems 6.2 and 4.2. Let us prove (iii).
Set L′ = F⊕(ℓ−1) ⊕ G, which is a Pochhammer local system on Tn,k,• of
multiplicity ℓ. Set
zk +
k−1∑
i=0
aiz
i =
k∏
i=1
(z − ξi), zk +
k−1∑
i=0
biz
i = (z − ξk+1)
k−1∏
i=1
(z − ξi).
By (16) we can assume that ̺L′(ω0) and ̺L′(α•) are simultaneously conju-
gated, by a permutation matrix, to the block matrices
Ω0 =

Iℓ
. . .
Iℓ
εrIℓ
 , A• =

Iℓ Ck−1
. . .
...
Iℓ C1
C0
 ,
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with C0 = η1 Iℓ−1⊕η2 , Ci = ei Iℓ−1⊕fi, i = 1, . . . , k−1, where ei = −a−10 ai
and fi = −b−10 bi, i ≥ 1. Moreover, Ck−1 is in invertible matrix, since
ek−1 = (−1)kξ−11 · · · ξ−1k (ξ1 + · · · + ξk) 6= 0,
fk−1 = (−1)kξ−11 · · · ξ−1k−1ξ−1k+1(ξ1 + · · ·+ ξk−1 + ξk+1) 6= 0.
Moreover, ek−1 6= fk−1. Let Ai = Im − uieTi , i = 1, . . . , ℓ, be pseudo-
reflections with ui given by (17). Moreover, L˜ is determined by the Pochham-
mer tuple (A1, . . . , Aℓ).
By Theorem 4.2, there is an invertible matrix P ∈ SLℓ(C) such that
P−1C0P = A1 · · ·Aℓ. Set Q = P⊕k ∈ SLm(C). Since CP0 = A1 · · ·Aℓ,
i = 1, . . . , ℓ, there are unique vectors v(k−1,i) ∈ Cm, i = 1, . . . , ℓ, such that
A′• = Q
−1A•Q = X1 · · ·Xℓ withXi = Im−v(k−1,i)eˆT(k−1,i) a pseudo-reflection
with special eigenvalue λi. Furthermore,
(19) eˆT(k−1,i)v(k−1,i) = e
T
i ui, i = 1, . . . , ℓ.
Hence we obtain a linear representation ̺ : π1(Tn,k,ℓ)→ GLm(C), defined by
̺(δ) = εIm, ̺(αi) = Xi, i = 1, . . . , ℓ, and ̺(ω0) = Q
−1Ω0Q = Ω0. Moreover,
by construction ̺ is the monodromy representation of a Pochhammer local
system L of multiplicity one extending L′ to Tn,k,ℓ such that (L|U•) /KU• = L˜
with KU• a constant sheaf of rank (k − 1)ℓ.
Let us prove that L is irreducible.
For j = 0, . . . , k − 1 and i = 1, . . . , ℓ, set G(j,i) = (Ω′)k−1−j0 Xi(Ω′0)1−k+j.
Let Γ = (V,A) be the digraph with set of vertices V = {x(j,i) : 1 ≤ i ≤
ℓ, 0 ≤ j ≤ k − 1} and set of arcs A = {(x(j,i), x(ν,µ)) : eˆT(j,i)v(ν,µ) 6= 0}. It
is enough to prove that the digraph Γ is strongly connected. Let Γj be the
induced sub-digraph of Γ with set of vertices {x(j,i) : i = 1, . . . , ℓ}. Since
entries of ui do not vanish, we have by (19) that Γk−1 is complete. Since Ω0
is the product of an invertible diagonal matrix by the permutation matrix
associated to the cycle (1 · · · k), there are nonzero complex numbers εj ,
j = 0, . . . , k − 1, such that
(20) v(j,i) = εjv(k−1,i), i = 1, . . . , ℓ.
Hence Γj ≃ Γk−1 are complete digraphs for all j. Since P−1Ck−1P 6= 0,
there are i1, i2 ∈ {1, . . . , ℓ} such that
eˆT(0,i1)v(k−1,i2) 6= 0.
Hence ((0, i1), (k − 1, i2)) ∈ A. Therefore Γ is strongly connected by (20).
By Lemma 6.3 every extension of F⊕(ℓ−1) ⊕ G via L˜ have the same local
data than L. Hence the extension L is unique since it is rigid. 
Remark 3. By Lemma 3.3 the irreducible rigid Pochhammer local systems
on T ∗n,k,ℓ constructed above give rise to irreducible rigid local systems on the
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Riemann sphere with ℓ+2 elements removed (which are no longer Pochham-
mer, except when k = 1). The same conclusion holds replacing the turbine
with shaft T ∗n,k,ℓ by the turbine without shaft Tn,k,ℓ.
7. Application to the weigthed homogeneous curves
By Theorem 2.2, the local fundamental group of Y ∗n,k,ℓ is isomorphic to
the quotient group of π1(T
∗
n,k,ℓ) by the relation ω
n
∞ = δ
s, and henceforth
the monodromy at∞ of an irreducible local system on Y ∗n,k,ℓ is always semi-
simple. By Theorem 5.3 the monodromy of an irreducible rigid Pochhammer
local system of multiplicity one along the irreducible components of Y ∗
is determined by a numerical tuple (ε; b;λ1, . . . , λℓ; ξ1, . . . , ξk+1; ℓ, . . . , ℓ, 1)
verifying the assumptions of Theorem 6.4, plus the additional condition
(21) ξni = ε
s, ∀i.
A similar remark apply to the curve Yn,k,ℓ.
Keep the notations of Section 2. Choose ρ > 0 and ℓ+1 nonzero complex
numbers C,C1, . . . , Cℓ, such that the ‘fat curve’ Y˜• = {(tk, λtn) : |λk −C| ≤
ρ, t ∈ C}, contains the curves Yi, i = 1, . . . .ℓ. Set Y• = {yk −Cxn = 0} and
Y ∗• = {y(yk −Cxn) = 0}.
Theorem 7.1. A tuple (ε; b;λ1, . . . , λℓ; ξ1, . . . , ξk+1; ℓ, . . . , ℓ, 1) verifying the
assumptions of Theorem 6.4 and (21), is the numerical local data of an
irreducible rigid Pochhammer local system L of multiplicity one along the
irreducible components of Y ∗n,k,ℓ. Moreover, L|C2\Y˜ ∗• ≡ F
⊕ℓ−1|C2\Y ∗• ⊕ G∗,
where F is the rigid irreducible Pocchammer local system of multiplicity one
on C2 \ Y ∗• determined by the tuple (ε; η1; ξ1, . . . , ξk; 1, . . . , 1) and G∗ is the
rigid irreducible Pocchammer local system of multiplicity one on C2 \ Y•
determined by the tuple (ε; b; η2; ξ1, . . . , ξk−1, ξk; 1, . . . , 1).
Theorem 7.2. A tuple (ε;λ1, . . . , λℓ; ξ1, . . . , ξk+1; ℓ, . . . , ℓ, ℓ− 1, 1) verifying
the assumptions of Theorem 6.5 and (21), is the numerical local data of
an irreducible rigid Pochhammer local system of multiplicity one along the
irreducible components of Yn,k,ℓ. Moreover, L|C2\Y˜• ≡ F⊕ℓ−1 ⊕ G, with F
and G rigid irreducible Pocchammer local systems of multiplicity one on
C
2 \ Y• determined, respectively, by the tuples (ε; η1; ξ1, . . . , ξk; 1, . . . , 1) and
(ε; η2; ξ1, . . . , ξk−1, ξk; 1, . . . , 1).
Remark 4. By the main result of [18], there are vanishing sums of k n-
roots of the unity if and only if k ∈ Z+0 p1 + · · · + Z+0 pν, where pa11 · · · paνν
is the prime factorization of n. Therefore, when k 6∈ Z+0 p1 + · · · + Z+0 pν
the nonvanishing assumptions on the sums of ξi’s can be withdrawn from
theorems 7.1 and 7.2.
Remark 5. By Theorem 7.2, a tuple (ε;λ; ξ1, . . . , ξk), such that λ 6= 1,
ξi 6= ξj (i 6= j), ξni = εs,
∑k
i=1 ξi 6= 0 and λ ξ1 · · · ξk = (−1)k−1εr, determines
a rigid irreducible Pocchammer local system of multipliticity one along the
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cusp Yn,k,1 = {yk = xn}. Raising to the power n the equality λ ξ1 · · · ξk =
(−1)k−1εr and reminding that rn− sk = 1, we get ε = (−1)(k−1)nλn. Thus
we can replace the tuple of data above by the tuple of data (λ; ζ1, . . . , ζk)
where the ζi’s are n-roots of the unity verifying ζi 6= ζj (i 6= j), ζ1 · · · ζk = 1
and
∑k
i=1 ζi 6= 0 (cf. [26]).
7.1. An example of an irreducible rigid Pochhammer local system.
Consider the germ of plane curve at the origin, (Y5,2,2, 0), given by y
4−x10 =
0 and denote by Yi = {y2 + (−1)ix5 = 0}, i = 1, 2, its irreducible compo-
nents, Consider a tuple of numerical local data (ε ; λ1, λ2 ; ξ1, ξ2, ξ3; 2, 1, 1)
in conditions of Theorem 6.5, with r = 1 and s = 2. Set η1 = −εξ−11 ξ−12 and
η2 = −εξ−11 ξ−13 . By Fuchs relation, η1η2 = λ1λ2. Set e1 = ξ−11 + ξ−12 and
f1 = ξ
−1
1 + ξ
−1
3 and consider the matrices,
Ω0 =

1
1
ε
ε
 , A∗ =

1 e1
1 f1
η1
η2
 .
Let
A1 =
(
λ1
λ2 − η1 1
)
, A2 =
(
1 (λ1 − η1)η−11
λ2
)
,
be the matrices given by (10). Let
P =
(
1 1
− η1λ1
λ2−η1
λ1−η1
)
,
be the diagonalization matrix of A1A2 associated to the eigenvalues η1, η2.
Set Q = P⊕2. By straightforward computations we obtain,
QA∗Q
−1 =

1 0 (λ1−η1)f1−(λ1−η2)η1η2−η1
λ1(λ1−η1)(f1−e1)
η1(η2−η1)
0 1 (λ2−η1)(f1−e1)η2−η1
λ1(η2−λ1)f1−(η1−λ1)e1
η2−η1
0 0 λ1
λ1(λ1−η1)
η1
0 0 λ2 − η1 −λ1 + η2 + η1
 .
Replacing η1, η2, e1 and f1 by expressions only involving the numerical local
data we may write the previous matrix as the product of pseudo-reflections,
X1 =

1 0 −λ1−εξ21εξ1 0
0 1 −λ2+εξ1ξ2εξ1 0
0 0 λ1 0
0 0 λ2 + εξ1ξ2 1

, X2 =

1 0 0 λ1+εξ1ξ2εξ2
0 1 0 −λ2−εξ21εξ1
0 0 1 −λ1+εξ1ξ2εξ1ξ2
0 0 0 λ2

.
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The linear representation determined by ̺(αi) = Xi, i = 1, 2, ̺(ω0) = Ω0
and ̺(δ) = ε I4 is the monodromy representation of an irreducible rigid
Pochhammer local system L of multiplicity one on the turbine T5,2,2 with
the prescribed local data (ε;λ1, λ2; ξ1, ξ2, ξ3; 2, 1, 1). If we require addition-
ally that ξ5i = ε
2, i = 1, 2, 3, then L determines an irreducible rigid local
system defined on complement of the weighted homogeneous curve Y5,2,2.
Furthermore, this local system is obtained as the extension of a local sys-
tem L1 ⊕ L2, where L1 and L2 are irreducible rigid Pochhammer local sys-
tems on the complement of the cusp y2 = x5 determined by the tuples
(ε; η1; ξ1, ξ2, 1, 1) and (ε; η2; ξ1, ξ3; 1, 1), respectively.
8. Special D-modules
8.1. Background on D-modules and perverse sheaves. Let X be a
complex manifold of dimension n. Let OX be the sheaf of holomorphic
functions on T ∗X. Let π : T ∗X → X be the cotangent bundle of X. Let
θ be the canonical 1-form of X. Let (x1, ..., xn) be a system of coordinates
on an open set U of X. Let us denote xi ◦ π by xi. There is one and
only one family of holomorphic functions ξ1, ..., ξn on π
−1(U) such that θ =
ξ1dx1+· · ·+ξndxn. Moreover, (x1, ..., xn, ξ1, ..., ξn) is a system of coordinates
on π−1(U). We call contact transformation of T ∗X to a diffeomorphism
between open sets of T ∗X that leaves θ invariant. An analytic subset Γ of
T ∗X is called a (conic) Lagrangean variety if Γ has dimension n and the
restriction of θ to the regular locus of Γ vanishes.
A germ of a Lagrangean variety Γ at a point α is said to be in generic
position if Γ ∩ π−1(π(α)) = Cα.
Let Y be a closed analytic subset of X. The conormal of Y is the smallest
Lagrangean subvariety Γ of T ∗X such that π(Γ) = Y . We will denote Γ by
T ∗YX. If Y = {x ∈ U : x1 = · · · = xk = 0}, T ∗YX = {(x, ξ) ∈ π−1(U) : x1 =
· · · = xk = ξk+1 = · · · = ξn = 0}. We identify X with the zero section T ∗XX
of T ∗X. If Y is an hypersurface of X, T ∗YX is the closure of the set of points
(a, λdf(a)) such that f(a) = 0, df(a) 6= 0, λ ∈ C and f is a local generator
of the defining ideal of Y . We say that the germ of an hypersurface is in
generic position if its conormal is in generic position.
Let CX be the sheaf of locally constant functions on X. A CX-module F
is called constructible if there is a decreasing sequence of closed analytic sets
(Xj)j≥0 such that ∩j≥0Xj = ∅ and the sheaf F |Xj\Xj+1 is a local system
for each j. A sheaf complex F • : · · · → Fk → Fk+1 → · · · is called
constructible if its cohomology sheaves Hj(F •) are constructible for each j
andHj(F •) = 0 for all but a finite number of j’s. We say that F • verifies the
conditions of support if codim(suppHj(F •)) ≥ j, for all j. Let Dbc(X) be the
full subcategory of the derived category of sheaves D(X) whose objects are
the constructible complexes. Given a local system G on X the local system
Gg = HomCX (G,CX) is called the dual of G. The Poincare´-Verdier duality
is a contravariant functor DX : D
b
c(X)→ Dbc(X) such that DX(G) = Gg for
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each local system G on X. We say that an object F of Dbc(X) is a perverse
sheaf if F and its Poincare´-Verdier dual verify the conditions of support.
We will denote by Perv(X) the full subcategory of Dbc(X) whose objects are
perverse sheaves.
Let DX denote the ring of differential operators on X. Let U be an open
set of X. Let P =
∑
|α|≤m aα∂
α
x be a differential operator of order m over
U . Its principal symbol σ(P )(x, ξ) =
∑
|α|=m aα(x)ξ
α is an holomorphic
function homogeneous of degree m on π−1(U).
Let P =
∑m
i=0 ai∂
i
x ∈ DC be an ordinary differential operator. Assume
that am 6≡ 0. TheDC-moduleDC/DCP is a coherentDC-module. Moreover,
RHomDC(M,OC) : 0 → OC P→ OC → 0.
Hence HomDC(M,OC) = Ext0DC(M,OC) = Ker(P ) and Ext1DC(M,OC) =
CokerP . Therefore Ext0 gives the solutions of the differential equation
Pf = 0 and Ext1 represents the obstructions to the existence of solutions
of the inhomogeneous differential equation Pf = g. In general, we call
SolX(−) = RHomDX (−,OX) the solution functor.
Let Ω•X be the differential forms complex ofX. We call dR(M) = Ω•X⊗LOX
M the de Rham complex ofM. Notice that dR(OX) = Ω•X ≃ CX . Moreover,
DX(SolX(M)) = dR(M).
We associate to a coherent DX-module M an analytic subset Char(M) of
T ∗X, designated by characteristic variety of M. If M = DXu,
Char(M) = {(x, ξ) : σ(P )(x, ξ) = 0 for all P such that Pu = 0}.
Moreover, Char(DC/DCP ) = {(x, ξ) ∈ T ∗C : ξ = 0 or am(x) = 0}.
Theorem 8.1. Let M be a coherent DX-module. The following statements
are equivalent: (a) M is a coherent OX -module; (b) M is a locally free OX -
module; (c) Char(M) = T ∗XX; (d) SolX(M) is a local system; (e) dR(M) is
a local system.
A coherent DX-module M verifying the conditions above is called an in-
tegrable connection. A coherent DX-module M is called holonomic if its
characteristic variety is Lagrangean. An integrable connection is the sim-
plest example of a holonomic DX-module. If M is a holonomic DX-module,
the hypersurface Y = π(Char(M) \ X) is called the ramification locus of
M. The singularities of the holomorphic solutions of M are contained in its
ramification locus.
Let ÔX,a denote the ring of formal power series of X at the point a ∈ X.
A holonomic DX-module is called regular holonomic if
RHomDX,a(Ma, ÔX,a/OX,a) = 0
for each a ∈ X. We will denote by RH(DX) the category of regular holo-
nomic DX-modules.
The following theorem shows that regular holonomic D-modules are topo-
logical objects.
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Theorem 8.2. The functor Sol [dR] is a contravariant [covariant] equiva-
lence of categories from RH(DX) onto Perv(X).
These equivalences of categories are known by the name of Riemann-
Hilbert correspondence.
We can associate to each constructible complex on X an analytic subset
of T ∗X, the microssuport SS(F ) of F . If M is an holonomic DX-module,
Char(M) = SS(Sol(M)) = SS(dR(M)) (See [14]).
Let M be a holonomic DX-module. We associate to each irreducible La-
grangean variety of T ∗X a nonnegative integer multΓ(M), the multiplicity
of M along Γ, such that multΓ(M) ≥ 1 if and only if Γ is an irreducible
component of Char(M). If 0 → M′ → M → M′′ → 0 is an exact se-
quence of DX-modules and Γ is an irreducible Lagrangean variety of T
∗X,
multΓ(M) =multΓ(M
′)+multΓ(M
′′). If M is an integrable connection on
X, multT ∗
X
X(M) equals the rank of the OX -module M. In particular,
mult{ξ=0}D/DP = m. If am(x) = x
l, mult{x=0} D/DP = l. Moreover,
Kashiwara’s Index Theorem holds.
Theorem 8.3. (See [12], Theorem 6.3.1)Let M be a holonomic DX-module.
Let (Xα) be a Withney stractification of X such that Char(M) ⊂ ∪αT ∗XαX.
Let dα be the codimension of Xα in X. For each b ∈ X there are positive
integers Cb(Xα) such that∑
i
(−1)i dimH i(Sol(M))b =
∑
b∈Xα
(−1)dαCb(Xα)multT ∗
Xα
X(M).
If Y is smooth at b, Cb(Y ) = 1. If Y is a curve, Cb(Y ) equals the multiplicity
of Y at b.
In particular, if M is an integrable connexion,
(22) rank Sol(M) = rankH0(dR(M)) = multT ∗XX(M).
Let M be an holonomic DX-module on a complex manifold X of dimen-
sion n. Let ΩnX denote the sheaf of differential forms of degree n of X. The
holonomic DX-module
(23) M∗ = ExtnDX (M,DX)⊗OX Ωn
is called the dual of M. Notice that,
Char(M∗) = Char(M), multΓ(M) = multΓ(M∗),
for each irreducible component of Char(M) and
(24) Sol(M) ≃ dR(M∗) ≃ D(dR(M)).
8.2. Microlocal Riemann-Hilbert correspondence and special D-
modules.
30 ORLANDO NETO AND PEDRO C. SILVA
Definition 7. LetM be a germ of DX-module in generic position at a point
o. Let α be the linear form such that π−1(o)∩Char(M) = Cα. We say that
M comes from an EX-module if there is a germ of a holomorphic vector field
ν at o such that σ(ν)(o) = α and the map u 7→ νu is a C-linear isomorphism
from Mo onto Mo.
Definition 8. Let M be a DX-module that comes from an EX-module. We
say that M is a special DX-module if M
∗ also comes from an EX -module.
For the motivation of the definition of DX-module that comes from an
EX-module see Theorem 8.6.19 of [2].
Let X be a germ of a complex manifold at a point o. Let Y be a germ at
o a complex hypersurface with conormal in generic position. Let X0 be the
complement in X of the singular locus of Y . Let ı : X0 →֒ X be the open
inclusion.
We will denote by Dµ(X,Y ) the category of germs at o of regular holo-
nomic DX-modules M such that M comes from an EX-module and the
holomorphic solutions of M ramify along Y .
We will denote by Special(X,Y ) the subcategory of Dµ(X,Y ) consisting
of the DX-modules M such that M
∗ ∈ Dµ(X,Y ).
Theorem 8.4. [21] The following statements hold:
(a) If M is a holonomic DX-module such that Char(M) ⊂ T ∗YX ∪T ∗XX,
H i(dR(M)) = H i(Sol(M)) = 0 if i 6= 0, 1.
(b) The functor M 7→ dR(M) is an equivalence of categories from Dµ(X,Y )
onto the category of perverse sheaves F such that SS(F ) equals
T ∗YX ∪ T ∗XX, F is concentrated in degree 0, Fo = 0 and F |X\Y
is a local system.
(c) If M is in Dµ(X,Y ),
Sol(M)|X0 ≃ DX0(ı∗(dR(M)|X\Y )).
(d) The functor
M 7→ dR(M)|X\Y ,
defines an equivalence of categories between Dµ(X,Y ) and the cate-
gory of Pochhammer local systems on X \ Y .
Definition 9. The equivalence of categories (d) is called the Microlocal
Riemann-Hilbert correspondence.
Theorem 8.5. Let X be a complex manifold. Let M be the germ at a point o
of a holonomic DX-module. Assume that M comes from an EX -module. Let
Yi, 1 ≤ i ≤ ℓ, be the irreducible components of the ramification locus Y of
M. Let L be the Pochhammer local system associated to M by the microlocal
Riemann-Hilbert correspondence. Then L is a local system of rank
ℓ∑
i=1
mult(Yi) multT ∗YiX
(M).
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Moreover, multYi(L) = multT ∗YiX(M), for i = 1, . . . , ℓ.
Proof. Let (S, o) be a germ of a smooth complex surface of X that is
noncharacteristic relatively to M (see [12] or [29]). Let 1 ≤ i ≤ ℓ. We
can assume that the canonical 1-form of T ∗X equals ηdy +
∑n
r=1 ξrdxr,
Yi is defined by a Weierstrass polynomial y
k +
∑k−1
j=0 aj(x)y
j and S equals
{x2 = · · · = xn = 0}. Hence Yi ∩S is a union of irreducible plane curves Yij
such that
(25) mult(Yi) =
∑
j
mult(Yij).
By (12),
(26) multYi(dR(M)|X\Y ) = multYij (dR(M)|S\Y ).
Set Γi = T
∗
Yi
X and Γij = T
∗
Yij
S. Let us show that
(27) multT ∗
Yi
X(M) = multT ∗
Yij
S(M|S).
Since the multiplicity of Char(M)|S is calculated at a generic point of Γij,
we can assume that Char(M) = Γi ∪ T ∗XX, Char(M|S) = Γij ∪ T ∗SS,
Γi = {y = ξ1 = · · · = ξn = 0}, Γij = {(x1, y; ξ1, η) : y = ξ1 = 0}.
By Theorem 3.4.2 c) of [29] its enough to show that
(28) ρ∗̟
∗[Γi] = [Γij],
where ̟ : S ×X T ∗X →֒ T ∗X and ρ : S ×X T ∗X → T ∗S is defined by
ρ(x1, y; ξ1, . . . , ξn, η) = (x1, y, ξ1, η).
By Apendix D of [29], in order to prove (28) it is enough to show that
(29) OS×XT ∗X ⊗L̟−1OT∗X ̟
−1OT ∗X/IΓi ≃ OS×XT ∗X/TΓi∩S×XT ∗X
and
(30) Rρ∗OS×XT ∗X/IΓi∩S×XT ∗X ≃ OT ∗S/IΓij .
Let K∗ be the Koszul complex of OT ∗X with respect to y1, ξ1, . . . , ξn.
Since OS×XT ∗X ⊗̟−1OT∗X ̟−1K is the Koszul complex of OS×XT ∗X with
respect to y1, ξ1, . . . , ξn and
̟−1(Γi) = {(x1, y, ξ1, . . . , ξn, η) : y = ξ1 = · · · = ξn = 0},
OS×XT ∗X ⊗L̟−1OT∗X ̟
−1OT ∗X/IΓi ≃
≃ OS×XT ∗X ⊗̟−1OT∗X ̟−1K ≃ OS×XT ∗X/IΓij .
Hence (29) holds.
The map ρ induces an homeomorphism ρ̂ from Γi ∩ S ×X T ∗X onto Γij.
We wil denote by ı the maps Γi →֒ S ×X T ∗X, Γij →֒ T ∗S. If I∗ is a flabby
resolution of OΓi∩S×XT ∗X ,
(31) Rρ∗OS×XT ∗X/IΓi∩S×XT ∗X ≃ ρ∗ı∗I∗ ≃ ı∗ρ0∗I∗.
Since ı∗ρ0∗I∗ is a flabby resolution of OT ∗S/IΓij , (30) holds.
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By (25), (26) and (27), we can assume that X is a surface. By Lemma
2.2 of [21], Hj(dR(M)) = 0 for each j 6= 0, 1. By statement (3) of [21],
Hj(dR(M))o = 0 for each j. By (24) we can replace in Theorem 8.3 Sol(M)
by dR(M). Applying Kashiwara’s Index Theorem at the points o, b ∈ X \Y
and bi ∈ Yi \ {o}, 1 ≤ i ≤ ℓ, we conclude that
(32) dimH0(dR(M))b = multT ∗
X
X(M) =
ℓ∑
i=1
multo(Yi) multT ∗
Yi
X(M),
and
(33)
multT ∗XX(M)−multT ∗YiX(M) = dimH
0(dR(M))bi − dimH1(dR(M))bi .
By Theorem 8.4, H1(dR(M))bi vanishes for 1 ≤ i ≤ ℓ. 
Let Pochh∗(X,Y ) be the category of Pochhammer local systems on X \Y
such that the Verdier dual of ı∗dR(M)|X\Y is concentrated in degree 0.
Theorem 8.6. Let M be a DX-module that comes from an EX-module. The
following statements are equivalent:
(a) M is a special DX-module.
(b) Ext1
DX
(M,O) vanishes.
(c) dR(M)|X\Y is in Pochh∗(X,Y ).
Proof. If M is special, (b) follows from (24).
Let us show that M is special when (b) holds. By Theorem 8.4 (b),
it is enough to show that HomD(M,O)o vanishes. By Kashiwara’s Index
Theorem, dimHomDX (M,O)o equals
(34) multT ∗XX(M)−
ℓ∑
i=1
Co(Yi)multT ∗YiX
(M).
By the arguments of the proof of Theorem 8.5, we can assume that Y is a
plane curve. Since M comes from an EX-module, it follows from Theorem
8.5 that (34) vanishes.
The equivalence between statements (b) and (c) follows from Theorem
8.4 (c). 
Corollary 8.7. The functors M 7→ dR(M)|X\Y and M 7→ Sol(M)|X\Y
define equivalences of categories between Special(X,Y ) and Pochh∗(X,Y ).
Theorem 8.8. Let M be a DX-module that comes from an E-module, with
ramification locus Y . Let Yi, 1 ≤ i ≤ ℓ, be the irreducible componentes of
Y . Let L be the Pochhammer local system associated to M by the Riemann-
Hilbert correspondence. Let σi be the sum of the geometric multiplicities of
the eigenvalues of the local monodromy of L around Yi, 1 ≤ i ≤ ℓ.
Then σi ≤multYi(M), 1 ≤ i ≤ ℓ. If σi =multYi(M), 1 ≤ i ≤ ℓ, M is a
special D-module.
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Proof. Let 1 ≤ i ≤ ℓ. Since σi ≤multYi(L), Theorem 8.5 implies that
σi ≤multT ∗
Yi
X(M).
Assume that σi equals multT ∗
Yi
X(M) for each i. Applying the Kashiwara
index theorem at a regular point bi of Y that belongs to Yi, we have,
dimH0(Sol(M))bi = multT ∗XX(M)−multT ∗YiX(M) + dimH
1(Sol(M))bi .
Since
dimH0(S(M))bi ≤ H0(Sol(M))b − σi = multT ∗XX(M)−multT ∗YiX(M),
Ext1
D
(M,O) vanishes outside the singular locus of Y . By the support con-
ditions for perverse sheaves, Ext1
D
(M,O) vanishes. 
Let F be a DX-module and let ϕ be a section of F . Let J be the left
ideal consisting of sections P of DX such that Pϕ = 0. We will identify the
DX-modules M = DX/J and DXϕ. If M is a coherent DX-module, we will
say that M is generated by its solution ϕ.
Let Ω be a polydisc of Cn centered at 0. Let Y be a germ of hypersurface
of (Cn, 0). Let τ0 : Ω˜ → Ω \ Y be the universal covering of Ω \ Y . Let
j : Ω \ Y →֒ Ω be the open inclusion. Set τ = jτ0. The sheaf O˜ = τ∗OΩ˜
is the called the sheaf of multivalued holomorphic functions of Ω ramified
along Y . The sheaves O˜ and O˜/O are DΩ-modules.
Theorem 8.9. Let Y be a germ of an hypersurface of a complex manifold
X. Let M be a special DX-module with ramification locus Y . There is a
germ of a multivalued holomorphic function f ramified along Y such that
M = DXf .
Proof. By theorems 4.5.2 and 5.1.1 of [13], there is ϕ ∈ O˜/O such that
M = DXϕ. There are differential operators P1, . . . , Pm such that M =
DX/(DXP1 + · · · +DXPm). Moreover, there is a free resolution
(35) DnX → (Pji)DmX → (Pi)M→ 0.
Applying the functor HomDX (∗,O) to (35) we obtain the exact sequence
(36) 0→HomDX (M,O)→ (Pj)Om → (Pij)On.
Let f0 ∈ O˜ be a representative of ϕ. Since Pjf0 ∈ O, 1 ≤ j ≤ m,∑m
j=1 Pij(Pjf0) = 0, i = 1, . . . , n, and Ext1DX (M,O) vanishes, there is g ∈ O
such that Pjg = Pjf0, 1 ≤ j ≤ m. We take f = f0 − g. 
Definition 10. We say that the germ of a multivalued holomorphic function
is a special function if it generates a special DX-module.
8.2.1. Examples. Consider X = C and set M = DC/DCx∂x. The DC-
moduleM is generated by its holomorphic microfunction solution log x+OC.
Remark that
(37) Ext1DC(M,OC) = Coker x∂x : OC → OC
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does not vanish. The only multivalued holomorphic solutions of M are the
constant functions. Since the germ of DC1 at the origin equals C{x} andM0
is isomorphic to C{x}⊕∂xC[∂x], there is no germ of multivalued holomorphic
solution of M that generates M.
Consider now X = Cm with coordinates (x, y, t1, . . . , tm−2). Set Y =
{(x, y, t) : yk − xn = 0}, where (k, n) = 1 and 2 ≤ k ≤ n − 1. Set ϑ =
x∂x + (n/k)∂y. Given complex numbers λi, i ∈ Z, such that
λi+k = λi, and αi := λi − λi+1 + n− k
k
is a nonnegative integer, we will denote by M(λi) the DX-module given by
generators ui, i ∈ Z, and relations
ui+k = ui, (ϑ − λi)ui = 0, ∂xui = −n
k
xαi∂yui+1, ∂tjui = 0, ∀j.
The systems M(λi) have characteristic variety T
∗
YX ∪ T ∗XX and multiplicity
1 along T ∗YX, and henceforth are regular holonomic. By Theorem 5.2 of [22]
there is a denumerable subset Ξ of C such that M(λi) is special if and only
if λi 6∈ Ξ, i ∈ Z.
By Theorem 4.6 of [22] the DX-modules M(λi) verifying the conditions
above are the only special D-modules with characteristic variety T ∗YX∪T ∗XX
and multiplicity 1 along T ∗YX. By Theorem 5.3 of [22] M(λi) is generated
by a multivalued holomorphic function of the type
ya
(
yk
xn
)b
F
(
yk
xn
)
,
where F is a kFk−1 hypergeometric function.
Next result follows from theorems 7.1, 7.2, 8.4 and 8.8.
Theorem 8.10. Let Y be a weigthed homogeneous plane curve with irre-
ducible components Yi, i ∈ I. Let λi, i ∈ I, be complex numbers such
that λi 6= 0, 1 . There is an irreducible special D-module M with solutions
ramified along Y such that the following hold for each i ∈ I:
(a) M has multiplicity 1 along the conormal of Yi.
(b) The special eigenvalue of the local monodromy of dR(M) around Yi
equals λi.
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